Abstract. We show that for a K-unstable Fano variety, any divisorial valuation computing its stability threshold induces a non-trivial special test configuration preserving the stability threshold. When such a divisorial valuation exists, we show that the Fano variety degenerates to a uniquely determined twisted K-polystable Fano variety. We also show that the stability threshold can be approximated by divisorial valuations induced by special test configurations. As an application of the above results and the analytic work of Datar, Székelyhidi, and Ross, we deduce that greatest Ricci lower bounds of Fano manifolds of fixed dimension form a finite set of rational numbers. As a key step in the proofs, we adapt the process of Li and Xu producing special test configurations to twisted K-stability in the sense of Dervan.
Introduction
A classical result of Kempf [Kem78] in Geometric Invariant Theory (GIT) states that any GIT unstable point admits a unique one-parameter subgroup which destabilizes the point most rapidly. This one-parameter subgroup is usually called an optimal destabilization. For vector bundles over Riemann surfaces, such an optimal destabilization is given by the Harder-Narasimhan filtration. Philosophically, K-stability is closely related to asymptotic GIT stability from their set-ups. Thus, it would be natural to expect such phenomenon to occur for K-unstable Fano varieties as well.
In this paper, we study optimal destabilization of Fano varieties via the stability threshold. Recall, the stability threshold of a Fano variety was introduced in [FO18] and characterizes K-semistability. Since the invariant may be expressed as an infimum of a function on the space of divisorial valuations, it is natural to view valuations computing the infimum as optimal destabilizers. Our first main theorem connects such valuations to destabilization via test configurations and Dervan's notion of twisted K-stability [Der16] (see Section 3.1 for relevant definitions on twisted K-stabilty).
Theorem 1.1. Let (X, ∆) be a log Fano pair that is not uniformly K-stable.
(1) If there exists a prime divisor F over X computing the stability threshold δ(X, ∆), then F is dreamy and induces a non-trivial special test configuration (X , ∆ tc ) of (X, ∆) with vanishing δ(X, ∆)-twisted generalized Futaki invariant. (2) Any normal non-trivial test configuration of (X, ∆) with vanishing δ(X, ∆)-twisted generalized Futaki invariant is special and induces a prime divisor over X computing δ(X, ∆).
Additionally, a special test configuration (X , ∆ tc ) satisfying one of the above statements satisfies that δ(X 0 , ∆ tc,0 ) = δ(X, ∆) and the values are rational.
We call a non-trivial test configuration (X , ∆ tc ; L) of (X, ∆) satisfying the statement of Theorem 1.1 an optimal destabilization. Its central fiber is called an optimal degeneration of (X, ∆). It is expected that the assumption of the Theorem 1.1.1 on existence of a divisorial valuation computing stability threshold always holds.
Conjecture 1.2 (Optimal Destabilization Conjecture). If (X, ∆) is a log Fano pair that is not uniformly K-stable, then there exists a prime divisor F over X computing the stability threshold δ(X, ∆).
We give a few remarks on Conjecture 1.2. By Theorem 1.1, Conjecture 1.2 is equivalent to the existence of an optimal destabilization of (X, ∆). Note that Conjecture 1.2 is part of [BX18, Conjecture 1.5]. Indeed, Theorem 1.1 shows that the latter conjecture is implied by the former one. Although we cannot verify Conjecture 1.2, we show that stability threshold can always be approximated by divisors induced by special test configurations (see Theorem 4.3). This can be viewed as a global analogue of [LX16, Theorem 1.3]. We refer to [BLX19] for further study on valuations computing the stability threshold.
In the above theory of optimal destabilization for Fano varieties, optimal destabilizations are not always unique. This is quite different from destabilization in GIT. Nevertheless, using techniques from [LWX18] , we show that there exists a unique twisted K-polystable optimal degeneration. Theorem 1.3. Let (X, ∆) be a log Fano pair that is not uniformly K-stable. If Conjecture 1.2 holds for (X, ∆), then there exists a unique δ(X, ∆)-twisted K-polystable optimal degeneration of (X, ∆). Conjecture 1.2 and Theorem 1.3 are closely related to the analytic work of Datar and Székelyhidi [DS16a] and Ross and Székelyhidi [RS19] in which the authors construct degenerations of K-unstable Fano manifolds with twisted Kähler-Einstein metrics. It is expected that the unique optimal degeneration in Theorem 1.3 is related to the ones constructed analytically (see Remark 6.8). Furthermore, it follows from [DS16a, RS19] that Conjecture 1.2 holds for all complex Fano manifolds (see Theorem 6.7).
It has been shown in [BBJ19, CRZ19] that the greatest Ricci lower bound of a Fano manifold X is equal to min{1, δ(X)}. As an application of Theorem 1.1 and the work in [DS16a, RS19] , we prove the finiteness of greatest Ricci lower bounds of complex Fano manifolds in any fixed dimension. Note that a different proof is provided by [BLX19, Theorem 1.1] where a more general statement on finiteness of stability thresholds is proven for log Fano pairs. Theorem 1.4. For any fix dimension n, the set of greatest Ricci lower bounds of ndimensional complex Fano manifolds is a finite subset of (0, 1] ∩ Q.
Many of the arguments in this paper rely on further developing Dervan's notion of twisted K-stability [Der16] . We prove the following characterization of twisted K-semistability in terms of stability threshold.
1 Theorem 1.5. If (X, ∆) is a log Fano pair, then max{µ ∈ (0, 1] | (X, ∆) is µ-twisted K-semistable} = min{1, δ(X, ∆)}.
As a key ingredient in proving Theorems 1.1 and 4.3, we adapt the process of Li and Xu [LX14] of modifying test configurations into special ones to the twisted setting. Theorem 1.6. Let (X, ∆) be a log Fano pair. Let µ ∈ (0, 1] be a real number. Then (X, ∆) is µ-twisted K-semistable (resp. K-stable) if and only if Fut 1−µ (X , ∆ tc ; L) ≥ 0 (resp. > 0) for any normal non-trivial special test configuration (X , ∆ tc ; L) of (X, ∆).
Remark 1.7. There are different types of optimal destabilization of Fano varieties in literature. Note that an optimal destabilization in our sense minimizes the generalized Futaki invariant divided by the minimum norm of Dervan [Der16] (see Theorem 1.5 and Proposition 3.7).
(1) In [Don05, Szé08, CSW18, His19, Der19] etc., an optimal destabilization of a Kunstable Fano variety refers to a test configuration which minimizes the generalized Futaki invariant divided by the L 2 -norm. (2) In [CSW18, DS16b] , an optimal R-degeneration of a K-unstable Fano manifold maximizing the H-invariant is produced by the Kähler-Ricci flow. (3) In [Li18, LX18] , it is conjectured that there exists a unique valuation v m that minimizes normalized volume functional over the affine cone C(X, −r(K X + ∆)) of a K-unstable Fano variety (X, ∆), moreover v m has finitely generated graded algebra (known as Stable Degeneration Conjecture). Assuming this conjecture, we obtain a unique finitely generated filtration of the anti-pluricanonical ring R(X, −r(K X +∆)), which provides an optimal destabilization of (X, ∆) over an affine toric variety in an appropriate sense.
This paper is organized as follows. In Section 2, we collect preliminary materials on valuations and K-stability. In Section 3.1, we study Dervan's notion of twisted K-stability of log Fano pairs when twisting by a scalar multiple of the anti-canonical polarization. We reprove certain results in [Der16] following an algebraic approach. In Section 3.2, we generalize the process of Li and Xu producing special test configurations to the twisted setting and, hence, prove Theorem 1.6. In Section 4.1, we establish results of approximating the stability threshold by divisors with nice geometric properties and use them to deduce a valuative criterion for twisted K-stability. In particular, we prove Theorems 4.3 and 1.5. Section 4.2 is devoted to proving Theorem 1.1. We study twisted normalized volume in Section 4.3. In Section 5, we prove Theorem 1.3 by establishing Theta reductivity type results for twisted K-stability. Finally, we prove Theorem 1.4 in Section 6. is finitely generated over k; this is independent of the choice of r. 
2.2.1. Test configurations. Let (X, ∆) be an n-dimensional log Fano pair. Definition 2.1. A test configuration (X , ∆ tc ; L)/A 1 of (X, ∆) consists of the following data:
(1) a flat proper morphism of schemes π : X → A 1 , (2) a G m -action on X extending the standard action on
where L is a line bundle on X in the Q-linear equivalence class of −r(K X + ∆), where r ∈ Q >0 Via (3), there is a canonical equivariant isomorphism X | A 1 \0 ≃ X × (A 1 \ 0), where G m -acts trivially on X and in the standard way on A 1 \ 0. The divisor ∆ tc is defined as the closure of ∆ × (A 1 \ 0) under the above embedding
A test configuration is normal if X is normal and special if (X , ∆ tc +X 0 ) is plt. It is product type if (X , ∆ tc ) is isomorphic to (X, ∆) × A 1 over A 1 , and trivial if the latter isomorphism is G m -equivariant.
Invariants of test configurations.
Let (X , ∆ tc ; L) be a normal test configuration of (X, ∆) and set V :
To define the (non-
where Y is the normalization of the graph of X × P 1 X . We set
which is > 0 when the test configuration is non-trivial [BHJ17, Der16] . The I − J functional scaled by (−K X − ∆) n equals Dervan's minimum norm; see [Der16, Remark 3.11]). When (X , ∆ tc ; L) is not normal, one can define Fut(X , ∆ tc ; L) in terms of weights, rather than intersection numbers. Since the definition will only be used briefly in Section 6, we refer the reader to [ADL19, Definitions 2.2 and 2.3].
2.2.3. Definition of K-stability.
(2) K-polystable if it is K-semistable and any normal test configuration of (X, ∆) satisfying Fut(X , ∆ tc ; L) = 0 is of product type. By [LX14] , it is suffices to consider only special test configurations in the above definition.
We will also briefly use the notion of unifirom K-stability in this paper.
Definition 2.3 ( [Der16, BHJ17] ). A log Fano pair (X, ∆) is uniformly K-stable, if there exists ε > 0 so that Fut(X , ∆ tc ; L) ≥ ε(I − J)(X , ∆ tc ; L) for all normal test configurations (X , ∆ tc ; L) of (X, ∆).
Valuative criterion.
We state the following valuative characterization of K-stability proved by K. Fujita and C. Li.
Combining the above theorem with (2.1), we see (X, ∆) is K-semistable (resp., uniformly K-stable) if and only if δ(X, ∆) ≥ 1 (resp., > 1). In Section 3, we will generalize the above valuative criterion to the twisted setting. 
We say E is non-trivial if it is not the birational transform of X × 0 via the map X × P 1 X (this is equivalent to the condition that r(ord E ) is not the trivial valuation). If E is non-trivial, we set v
Test configurations with integral central fiber.
The following statements were observed and utilized in the work of K. Fujita and C. Li.
Proof. Since the central fiber is integral, after replacing L with L + dX 0 for some integer d, we may assume L ∼ Q −r(K X /P 1 + ∆ tc )) (see [Fuj17, Lemma 2.6]). In this case, it is shown in the proof of [Fuj19, Theorem 5.1] that v X 0 is dreamy,
is supported on Y 0 and has coefficient −A X,∆ (v X 0 ) along the birational transform of X 0 . We compute
where the second equality follows from the projection formula and the third from the fact that X 0 and X 1 are algebraically equivalent. Combining (2.2) and (2.3), we conclude (
In the reverse direction, dreamy divisors induce test configurations with integral central fiber.
Lemma 2.6. If F is a dreamy divisor over a log Fano pair (X, ∆) and c ∈ Z >0 , then there is a normal test configuration (X , ∆ tc ; L) such that X 0 is integral and
Proof. The test configuration arises from taking the Proj of a finitely bigraded algebra associated to F and c. See [Fuj17, Section 3.2] for details. Definition 2.7. A prime divisor F over a log Fano pair (X, ∆) is called special if there exists a non-trivial special test configuration (X , ∆ tc ) of (X, ∆) and c ∈ Q >0 such that v X 0 = c ord F . Note that special divisors are necessarily dreamy (see Proposition 2.5).
2.3.3.
Extension of boundary divisors. Let (X , ∆ tc ; L) be a normal test configuration of a log Fano pair (X, ∆) and write
where Y is the normalization of the graph of X × P 1 := X × P 1 X . Given D ∈ | − K X − ∆| Q , we write D for the Q-divisor on X that is the closure of D P 1 \0 := D × (P 1 \ 0) under the open immersion from X P 1 \0 ֒→ X . The following elementary computations will play a key role later.
Lemma 2.8. With the above notation,
Since τ * D P 1 = D, (1) holds. To prove (2), we apply (1) and the projection formula to see
Since rD is in the Q-linear equivalence class of L, rρ * D P 1 is in the Q-linear equivalence class of ρ * pr * 1 L and the result follows. We proceed to state a few elementary properties of compatible divisors.
Applying Lemma 2.8.1 finishes the proof.
Proof. Since X X ′ is a birational contraction, any non-trivial component E ′ ⊆ X ′ 0 is the birational transform of a non-trivial component E ⊆ X 0 . Since ord E and ord E ′ induce the same valuation of K(X × P 1 ), v E = v E ′ . Therefore, compatibility with X implies compatibility with X ′ . (
Proof. Observe that a general element | − m(K X + ∆)| does not intersect c X (v E ) for all nontrivial components E ⊆ X 0 . Therefore, a general divisor D is compatible with X . Statement (2) now follows from Lemma 2.10.
Twisted K-stability via an algebraic approach
The notion of twisted K-stability was introduced in the work of Dervan to provide an algebraic criterion for the existence of twisted constant scalar curvature metrics [Der16] . In this section, we study twisted K-stability in the setting of log Fano pairs and when twisting by a scalar multiple of the anti-canonical polarization.
We will first use an algebraic approach to reprove some properties of twisted K-stability proved in [Der16] . We will then use this framework to develop the process due to Li and Xu [LX14] of modifying test configurations in the twisted setting.
3.1. Twisted K-stability. Throughout this section, let (X, ∆) be an n-dimensional log Fano pair.
3.1.1. Definition.
Definition 3.1 (Twisted generalized Futaki invariant). For a real number µ ∈ [0, 1) and a test configuration (X , ∆ tc ; L) of (X, ∆; L), the µ-twisted generalized Futaki invariant is defined as
Here, D denotes the Q-divisor on X that is the componentwise closure of
Definition 3.2 (Twisted K-stability). A log Fano pair is
(1) µ-twisted K-semistable (resp., µ-twisted K-stable) if Fut 1−µ (X , ∆ tc ; L) ≥ 0 (resp., > 0) for all normal non-trivial test configurations (X , ∆ tc ; L) of (X, ∆). (2) µ-twisted K-polystable if it is µ-twisted K-semistable and any normal test configuration of (X, ∆) satisfying Fut 1−µ (X , ∆ tc ; L) = 0 is product type.
Remark 3.3. The previous definitions immediately imply the following statement: if there exists
The following theorem relates twisted K-semistability to the stability threshold. Indeed, it shows that for a log Fano pair (X, ∆) that is not uniformly K-stable, its stability threshold δ(X, ∆) can also be viewed as its "twisted K-semistability threshold". We will present its proof in Section 4. 
Remark 3.5. The above notion of twisted K-stability is closely related to adjoint K-stability defined in [BJ18] (in fact, the notions are expected to coincide [BJ18, Conjecture 2.5]). An adjoint version of Theorem 3.4 is proved in [BJ18, Section 5] using different methods.
Properties of the twisted generalized Futaki invaraint.
Proposition 3.6. Let (X , ∆ tc ; L) be a normal test configuration of (X, ∆). The following hold:
(
we see
Hence,
By using Proposition 2.8.2, we see
Combining the previous two equations shows
and equality holds when v E (D) = 0 for all E ⊆ X 0 , which is equivalent to the condition that D is compatible with X . The latter implies (1) and (2) hold.
Using Proposition 5.6, we will deduce the following results.
where the infimum runs through all normal non-trivial test configurations of (X, ∆ 
Since (X, ∆) is not uniformly K-stable, the previous infimum is ≤ 0 and (3.1) follows. The second statement is now a consequence of Proposition 3.6.1.
Proof. The statement follows from combining Proposition 3.6.1 with Proposition 2.5.
The next statement was originally proven by Dervan under the slightly stronger assumption that −m(K X + ∆) is very ample [Der16, Section 2]. 
Proof. The statement follows from combining Proposition 3.6.2 with Lemma 2.12.
3.2. Special test configurations and twisted K-stability. In this subsection, we will establish the special test configuration theory for twisted K-stability, as a natural generalization of [LX14] . According to [LX14, Corollary 1], to check the K-(semi)stability of a log Fano pair, it suffices to check the sign of the generalized Futaki invariant for all special test configurations. The goal of this section is to prove a twisted version of this statement. 
Proof. We first recall the work of Li and Xu in [LX14] . Suppose X is a Q-Fano variety of dimension n, and we want to check whether it is K-semistable. By definition one should check the non-negativity of the generalized Futaki invariant Fut(X , L) for all test configurations (X , L) of (X, L := −K X ). In [LX14] , they create a process to simplify test configurations we need to check, that includes the following steps: semi-stable reduction and log canonical modification, anti-canonical polarization, and Q-Fano extension. Along each step of their process, the generalized Futaki invariant decreases up to a multiple, so it is sufficient to check only special test configurations.
Our strategy is to use that the twisted generalized Futaki invariant is the log generalized Futaki invariant for a general boundary divisor and use the argument of [LX14] in the log pairs case. Let (X , L) → C be a compactified test configuration, where C := P 1 and C * := P 1 \ 0, and X 0 denotes the central fiber of the test configuration. We modify the given test configuration (X , L) → C of (X, −K X ) step by step, such that the twisted generalized Futaki invariant decreases up to a multiple along the way. Since the argument in the QFano case extends naturally to the log Fano pair case with little change, we will leave the boundary out for convenience.
Step 1. Finite base change. In this step, we consider X (d) as the normalization of X × C C ′ , where
is reduced. Such a base change always exists by [KKMSD73] . We aim to show that twisted generalized Futaki invariant will strictly decrease up to a multiple after a base change if X 0 is not reduced.
Let m be a sufficiently divisible positive integer such that −mK X is base point free. Then we can choose a general element D ∈ 1 m | − mK X | such that D is compatible with respect to both X and X (d) . We use D and D (d) to denote the extension of D on X and X (d) respectively. Then we have
where φ :
and
Combining the above relations and applying the projection formula, one has
The equality holds if and only if (X 0 ) red = X 0 which means X 0 is reduced. So
and the equality holds if and only if X 0 is reduced.
Step 2. Log canonical modification. In this step, we aim to show that twisted generalized Futaki invariant will strictly decrease up to a multiple if
(X , (1−µ)D+X 0 ) is not log canonical for a general divisor D ∈ 1 m | − mK X |,
by running an MMP on its semi-stable reduction.
Denote by Z the normalization of the graph of the birational map X × P 1 X . Choose m as in Step 1. Denote by ρ : Z → X × P 1 and τ : Z → X the two projection morphism. Consider the linear system V on X given as the movable part of τ * ρ * (pr * 1 |−mK X |). Then it is clear that a general divisor in V is exactly the extension H of a general divisor H ∈ |−mK X | on X . Denote by I the base ideal of V on X . Since | − mK X | is base point free, we know that Supp(I) ⊂ X 0 . Let X be the normalization of the blow up Bl I X . Let V be the strict transform of V on X . Then from the construction we know that V is a base-point-free linear system on X . Denote by E the reduced exceptional divisor of the morphism X → X .
Next we will do a semi-stable reduction for ( X , E) → C. By [KM98, Theorem 7.17], there exist a finite surjective morphism C ′ ∼ = P 1 → C given by t → t d for some d ∈ Z >0 , and a G m -equivariant projective birational morphism π : Y → X ′ where X ′ is the normalization of X × C C ′ , such that the following hold:
(i) The pair (Y, Y 0 + Exc(π)) is simple normal crossing, and Y 0 is reduced.
(ii) π factors through the morphism X ′ → X ′ where X ′ is the normalization of X × C C ′ .
Denote by V Y the pull-back of the linear system V under the morphism Y → X . Hence V Y is base point free since V is base point free. From the construction and Bertini's Theorem, we know that a general divisor in V Y is the strict transform
is log canonical where D lc is the extension of D. Note that the MMP sequence does not depend on the choice of a general D since the divisor m · π −1 * D ′ = π −1 * H ′ belongs to the same linear system V Y . Since φ lc : X lc → X ′ is a birational contraction morphism, we have:
where L ′ is the pull-back of L under the morphism X ′ → X . Now we construct a polarization L lc on X lc to make the twisted generalized Futaki invariant decrease. Let
Note that E is supported on the central fiber of X lc → C ′ , so the right hand side of the above equality is non-positive by Zariski's lemma (see [LX14, 2.4 
]) and it is zero if and only if
is not log canonical for a general D, then X ′ is not isomorphic to X lc . Thus E cannot be linearly equivalent to a multiple of X lc 0 , which means that the above derivative is negative. Then we can choose a polarization L lc := L lc t for some 0 < t ≪ 1 such that
we may assume that it is compatible with both X lc and X ′ . Thus (3.2) and Step 1 imply
Here d is the degree of the finite morphism
This finishes the proof of Step 2.
Step 3. Anti-canonical polarization. By
Step 2, we can assume that
aim to show that twisted generalized Futaki invariant will strictly decrease if the polarization is not anti-canonical.
We run a G m -equivariant MMP with scaling (see [LX14, 4 .1] or [Fuj19, section 6]) for the log Fano pair (X, (1 − µ)D) with general D. Then one obtains a finite sequence of birational contractions such that each is an isomorphism over C \ {0}:
Here the last morphism is taking the anti-canonical model of (X k , (1 − µ)D k ) for a general D. Note that the above sequence of birational contractions does not depend on the choice of general D since D are mutually Q-linearly equivalent. We use D i and D ac to denote the extension of D on X i and X ac respectively. Since D is a general Q-divisor in 1 m | − K X |, we may assume that D is compatible with respect to X . By Lemma 2.11 we know that D is also compatible with respect to X ac . Thus we have
Here L ac is the pushforward of L to X ac , and
, one directly has
and the equality holds if and only if µL ∼ Q,C −(K X /C + (1 − µ)D). This finishes the proof of Step 3.
Step 4. Q-Fano extension. In this step, we can assume
We aim to show that twisted generalized Futaki invariant will strictly decrease up to a multiple if (X , X 0 ) is not plt.
We first apply the semi-stable reduction process as in Step 2. Then there exist a finite surjective morphism 
* D ′ belongs to the same linear system V Y , and X s 0 is a log canonical place of (X ′ ,
The equality holds if and only if (X
m | − mK X | is compatible with respect to X s , the left hand side of above inequality is exactly
This finishes the proof of Step 4 and, hence also the theorem.
We directly have following result:
Then this test configuration must be a special test configuration, and (X
Assume to the contrary that this test configuration is not special. Then by the proof of Theorem 3.10, we can find a new special test configuration with negative twisted generalized Futaki invariant, which contradicts the fact that (X, ∆) is µ-twisted K-semistable. The plt part also follows from Step 4 of the proof of Theorem 3.10.
Optimal destabilization of log Fano pairs
4.1. Approximation of stability thresholds and twisted valuative criterion. In this section, we will construct sequences of divisors whose A/S approximate the stability threshold. We prove Theorem 3.4 using approximation results. We generalize the valuative criterion for K-semistability due to Fujita [Fuj19] and Li [Li17] to twisted setting.
Let us start from approximation by dreamy divisors.
Theorem 4.1 (Dreamy approximation for δ < 1). Let (X, ∆) be a log Fano pair with δ(X, ∆) < 1. Then there exists a sequence of dreamy divisors {E i } i∈N over X such that
Proof. For simplicity, denote by δ := δ(X, ∆) and δ m := δ m (X, ∆). For each positive natural number m, there is an m-basis divisor B m such that lct(X, ∆; B m ) = δ m . Then we choose a prime divisor E m over X computing lct(X, ∆; B m ). Thus we have
In particular, S m (E m ) = ord Em (B m ). As lim m→∞ δ m = δ < 1, we have δ m < 1 for m ≫ 1. Consider the log canonical pair (X, ∆ + δ m B m ). Since
is nef for m ≫ 1. By Lemma 4.2, we know that E m is a dreamy divisor over X. Hence it suffices to show that | Proof. Denote the dlt modification by f , and suppose F i are exceptional divisors. Then we have
Then it is easy to see
is a klt weak log Fano pair for 0 < ǫ ≪ 1.
With the above approximation result, we are able to prove Theorem 3.4.
Proof of Theorem 3.4. We first prove the "≥" inequality. By continuity of Fut 1−µ with respect to µ, it suffices to show that (X, ∆) is µ-twisted K-semistable for any rational 0 < µ < min{1, δ(X, ∆)}. By [BL18a, Theorem 7.2], there exists D ∈ | − K X − ∆| Q depending on µ such that (X, ∆ + (1 − µ)D) is K-semistable. This implies the µ-twisted K-semistability of (X, ∆) by Remark 3.3.
For the "≤" inequality, it suffices to show that for 0 < δ(X, ∆) < µ ≤ 1, (X, ∆) is not µ-twisted K-semistable. Suppose not, we have Fut 1−µ (X E , ∆ E ; L E ) ≥ 0 for any test configuration (X E , ∆ E ; L E ) induced by a dreamy divisor E over X. Thus Proposition 3.8 implies that A X,∆ (E) − µS X,∆ (E) ≥ 0 for any dreamy divisor E over X. This contradicts the dreamy approximation for δ(X, ∆), as proved in Theorem 4.1.
The following result provides approximation to stability thresholds by special divisors. It is a stronger result than Theorem 4.1.
Theorem 4.3 (Special approximation for δ ≤ 1). Let (X, ∆) be a log Fano pair with δ(X, ∆) ≤ 1. Then there exists a sequence of special divisors {F i } i∈N over X such that
Proof. We first prove the theorem when δ(X, ∆) < 1. For any i ≫ 1 such that δ +
Next we treat the case when δ(X, ∆) = 1. This essentially follows from [ZZ19, Theorem 2.9.4] (see also [Fuj19] 
Let F i be the special divisor over X induced by (X i , ∆ i ) as before. Then we have
Hence we have 1 ≤
The proof is finished.
The following theorem generalizes the valuative criterion for K-semistability [Fuj19, Li17] to the twisted setting. (
Proof. It is clear that (2)⇒(3)⇒(4). Hence it suffices to show (1)⇒(2) and (4)⇒(1). For (1)⇒(2), suppose (X, ∆) is µ-twisted K-semistable. Then µ ≤ δ(X, ∆) by Theorem 3.4. So A X,∆ (E) ≥ µS X,∆ (E) for any prime E over X.
For (4)⇒(1), we may assume that (X, ∆) is not uniformly K-stable since otherwise it is µ-twisted K-semistable for any µ ∈ (0, 1] by Theorem 3.4. Hence Theorem 4.3 implies that there exists a sequence of special divisors F i over (X, ∆) such that δ(X, ∆) = lim i→∞
4.2. Proof of Theorem 1.1. In this section, we will prove Theorem 1.1. Let (X, ∆) be log Fano pair with δ(X, ∆) ≤ 1. Let E be a prime divisor over X computing δ(X, ∆). We divide the proof into three parts, namely Theorems 4.5, 4.6 and 4.7. In Theorem 4.5, we show that E is dreamy and induces a special degeneration of (X, ∆) with vanishing twisted generalized Futaki invariant. This confirms Theorem 1.1(1) and the second part of [BX18, Conjecture 1.5]. Note that a special case of Theorem 4.5 was shown by Blum and Xu in [BX18, Theorem 4.1] under the assumption of δ(X, ∆) = 1. Later in Theorem 4.6, we will show that any special degeneration with vanishing twisted generalized Futaki invariant provides a divisorial valuation computing δ(X, ∆). This confirms Theorem 1.1(2). In Theorem 4.7, we will show that such special degeneration preserves stability thresholds. Combining Theorems 4.5, 4.6, and 4.7, we prove Theorem 1.1.
Theorem 4.5. Let (X, ∆) be a log Fano pair with δ(X, ∆) ≤ 1. Assume that there exists a divisor E over X computing δ(X, ∆). Then E is dreamy and induces a non-trivial special test configuration (X , ∆ tc ; L) of (X, ∆). In addition, we have Fut 1−δ(X,∆) (X , ∆ tc ; L) = 0.
Proof. We first show that any divisorial valuation ord E computing δ(X, ∆) ≤ 1 is dreamy by using the MMP. For each m ∈ Z >0 with −m(K X +∆) Cartier and H 0 (X, −m(K X +∆)) = 0, we choose an m-basis divisor B m ∈ | − K X − ∆| Q such that S m (E) = ord E (B m ). Then we have
Denote by δ := δ(X, ∆) and δ m := δ m (X, ∆) for simplicity. Choose a number 0 < ǫ < min{1, (δS(E)) −1 }. Since lim m→∞ δ m = δ, we have (1 − ǫ)δ < δ m when m ≫ 1. Thus (X, ∆ + (1 − ǫ)δB m ) is a log Fano pair for m ≫ 1. Then we have
Since lim m→∞ S m (E) = S(E), we know that
Hence we have A X,∆+(1−ǫ)δBm (E) < 1 for m ≫ 1. So by [BCHM10] for m ≫ 1 there exists an extraction Y m → X of E. By [Zhu18, Lemma 2.9] we know that Y m is of Fano type, which implies that E is dreamy.
Next we show that E induces a special test configuration with vanishing δ(X, ∆)-twisted generalized Futaki invariant. For simplicity, denote by δ := δ(X, ∆). Since E is dreamy, we know that E induces a test configuration (X , ∆ tc ; L) of (X, ∆) with integral central fiber X 0 such that v X 0 = ord E . Hence Proposition 3.8 implies that
Since (X, ∆) is δ-twisted K-semistable by Theorem 3.4, the test configuration (X , ∆ tc ; L) must be special by Corollary 3.11. Thus the proof is finished.
The following result shows that the vanishing of δ(X, ∆)-twisted generalized Futaki invariant in Theorem 4.5 is not only necessary but also sufficient for the existence of a divisorial valuation computing δ(X, ∆).
Theorem 4.6. Let (X, ∆) be a log Fano pair with δ(X, ∆) ≤ 1. If there is a normal nontrivial test configuration (X , ∆ tc ; L) of (X, ∆) such that Fut 1−δ(X,∆) (X , ∆ tc ; L) = 0, then this test configuration is special and v X 0 is a divisorial valuation computing δ(X, ∆).
Proof. For simplicity, denote by δ := δ(X, ∆). Since Fut 1−δ (X , ∆ tc ; L) = 0, the test configuration (X , ∆ tc ; L) → A 1 is special by Corollary 3.11. By Proposition 3.8, we know that
Hence, v X 0 computes δ(X, ∆). This finishes the proof.
Next we turn to the second part of the proof of Theorem 1.1, that is, stability thresholds are preserved under the special degeneration induced by a divisorial valuation computing δ(X, ∆). 
The key lemma to prove Theorem 4.7 is the following generalization of [LWX18, Lemma 3.1] to twisted K-semistability.
Lemma 4.8. Let (X, ∆) be a µ-twisted K-semistable log Fano pair for some 0 < µ ≤ 1. Let (X , ∆ tc ; L) be a special test configuration of (X, ∆) satisfying
Proof. Assume to the contrary that (X 0 , ∆ tc,0 ) is not µ-twisted K-semistable. Then by Theorem 4.10, there is a
Choose a sufficiently divisible positive integer m such that −m(K X + ∆) is Cartier and base point free. Then one can choose a general
where D is the extension of D on X . By Corollary 3.11, we have that
where D ′ is the extension of
where D ′′ is the extension of D on X ′′ . Since D is a general divisor in 1 m | − m(K X + ∆)|, we may assume that it is also compatible with X ′′ . Thus
which is a contradiction to µ-twisted K-semistability of (X, ∆). The proof is finished.
Proof of Theorem 4.7. For simplicity, denote by δ := δ(X, ∆) By Theorem 3.4, we know (X, ∆) is δ-twisted K-semistable. Thus by Lemma 4.8 we know that (X 0 , ∆ tc,0 ) is also δ-twisted K-semistable, which implies δ(X 0 , ∆ tc,0 ) ≥ δ by Theorem 3.4. Since the stability thresholds are lower semicontinuous in families by [BL18a, Theorem B], we know δ(X 0 , ∆ tc,0 ) ≤ δ. Therefore, we have δ(X 0 , ∆ tc,0 ) = δ. By Proposition 2.5, we know
It is clear that both Fut(X , ∆ tc ; L) and A X,∆ (v X 0 ) are rational. Thus S(v X 0 ) is rational which implies δ = A X,∆ (v X 0 )/S(v X 0 ) is also rational. The proof is finished.
Proof of Theorem 1.1. Part (1) follows directly from Theorem 4.5. Part (2) follows directly from Theorem 4.6. The last statement follows directly from Theorem 4.7.
Note that the proof of Lemma 4.8 uses a result, namely Theorem 4.10, on the equivalence between twisted K-semistability and its torus equivariant analogue. This is treated in the below and Section 4.3.
Definition 4.9. Let (X, ∆) be a log Fano pair with a T-action, where T = G r m with r ∈ Z ≥0 is an algebraic torus.
(1) A test configuration (X , ∆ tc ; L) of (X, ∆) is said to be a T-equivariant test configuration if there exists a T-action on (X , ∆ tc ; L) commuting with its G m -action, such that (X \X 0 , ∆ tc | X \X 0 ; L| X \X 0 ) is T-equivariantly isomorphic to (X, ∆; L)×(A 1 \{0}) with the trivial T-action on A 1 \ {0}. If in addition that (X , ∆ tc ; L) is a special test configuration, then we say that it is a T-equivariant special test configuration. (2) For a real number 0 < µ ≤ 1, we say that (X, ∆) is T-equivariantly µ-twisted Ksemistable if for any T-equivariant test configuration (X , ∆ tc ; L), we have
The following result generalizes [LX16, Theorem E] to twisted K-stability. We will present its proof in Section 4.3 using twisted normalized volume on the affine cone. (1) (X, ∆) is µ-twisted K-semistable. (2) (X, ∆) is T-equivariantly µ-twisted K-semistable. (3) For any T-equivariant special test configuration (X , ∆ tc ; L) of (X, ∆), we have
4.3. Twisted normalized volume. In this section, we will study normalized volumes of klt singularities twisted by ideal boundaries. We establish a result on approximation to twisted normalized volume using T-equivariant Kollár componenents (see Lemma 4.12). We show that twisted K-semistability can be characterized by twisted normalized volume on the affine cone (see Theorem 4.13). These results enable us to prove Theorem 4.10, i.e. twisted K-semistability of a log Fano pair with a T-action can be tested by T-equivariant special test configurations.
Definition 4.11. Let x ∈ (X, ∆) be an n-dimensional klt singularity. Let a ⊂ m := m x be an ideal sheaf. Let c ≥ 0 be a real number. We define the log discrepancy of a valuation v ∈ Val X with respect to the pair (X, ∆ + c · a) as
Assume in addition that (X, ∆ + c · a) is klt, i.e. A (X,∆+c·a) (v) > 0 for any v ∈ Val X . Then we define the normalized volume function vol (X,∆+c·a),x : Val X,x → (0, +∞] as
We define the local volume of a klt singularity x ∈ (X, ∆ + c · a) as
The above definition can be viewed as an analogue of the usual normalized volume function defined by Chi Li [Li18] twisted by an ideal boundary. Hence we also call it twisted normalized volume.
We first give a result on approximation to twisted normalized volume. This is a generalization of [ 
This combined with (4.2) implies the first equality of (4.1).
For the second equality of (4.1), it suffices to show that for any T-invariant m-primary ideal b, there exists a T-equivariant Kollár component S over (X, ∆) such that
This follows from the same argument as [LX16, Proof of Proposition 4.4] after replacing (X, D, a) by (X, ∆ + c · a, b). Indeed, we can take a T-equivariant log resolution of (X, ∆ + c · a, b), and then run T-equivariant MMP to get a dlt modification Y → X and a Kollár component S over x ∈ (X, ∆), such that
Hence the proof is finished.
In the rest of this subsection, we denote by (V, D) an (n − 1)-dimensional log Fano pair. Choose r ∈ N sufficiently divisible such that −r(K V + D) is Cartier, and the section ring R(V, −r(K V + D)) is generated in degree 1. Let (X, ∆) be the affine cone C(V, D; −r(K V + D)) with cone vertex x ∈ X. Denote by ord V the divisorial valuation induced by blowing up the cone vertex x.
The following result characterizes twisted K-semistability of a log Fano pair using twisted normalized volume on its affine cone. It generalizes the normalized volume characterization of K-semistability in [LX16, Theorem 4.5] (see also [Li17, LL19] ). For the "only if" part, we may assume in addition that max{0, 1 − δ(V, D)} < cr < 1 and c is rational since vol (X,∆+c·m),x is continuous in c. Denote by γ := 1 − cr ∈ (0, min{1, δ(V, D)}). Then by [BL18a, Theorem 7.2], there exists an effective Q-divisor
is log K-semistable. Hence [LX16, Theorem 4.5] implies that ord V minimizes vol (X,∆+(1−γ)C(B)),x . It is clear that ord V (C(B)) = r −1 , hence v(C(B)) ≥ r −1 v(m) for any v ∈ Val X,x . Thus for any v ∈ Val X,x , we have
This finishes the proof of the "only if" part.
For the "if" part, we follow the strategy of [Li17] . Let ord E be any divisorial valuation of K(V ). Then ord E extends trivially to a valuation ord C(E) of K(X) ∼ = K(V )(s). For any t ∈ [0, ∞), denote by v t the quasi-monomial valuation of weights (1, t) along (V, C(E)). Then the computations in [Li17] shows that
Here β(ord E ) :
. It is clear that v t (m) = 1 for any t. Hence we have
Hence we have
Since ord V minimizes vol (X,∆+c·m),x , the above derivative is non-negative. This implies that
Based on above results, we are ready to prove Theorem 4.10. (2) 
Proof of Theorem 4.10. The implications (1)⇒(2) and
Let Y → X be the blow up of the cone vertex x whose exceptional divisor is still denoted by V . Denote by I V the ideal sheaf of V in Y . We define
For t ∈ R, λ ∈ R >0 , and s ∈ [0, 1], define
By [Li17] we know that Φ(λ, s) satisfies the following properties.
(1) For any λ ∈ R >0 we have Φ(λ, 1) = λ −n vol(ord S ) and Φ(λ, 0) = vol(ord V ); (2) For any λ ∈ R >0 the function s → Φ(λ, s) is continuous and convex for s ∈ [0, 1].
(3) The directional derivative of Φ(λ, s) at s = 0 is equal to
Therefore, by convexity of Φ(λ, ·), to show (4.4) it suffices to show Φ s (λ * , 0) ≥ 0. Consider the restriction valuation ord S | C(V ) under the field embedding C(V ) ֒→ C(X). From [LX16, Proof of Theorem 4.5] and references therein, there exists a prime divisor E over V and b ∈ Z ≥0 such that ord S | C(V ) = b·ord E . Moreover, ifṼ → V is a birational model containing E as a divisor, then ord S is a quasi-monomial combination ofṼ and E ×ṼỸ inỸ := Y × VṼ of weights (c 1 , b). In particular, we have ord
Thus straightforward computation shows that vol(FR
Thus it suffices to show A (V,D) (ord E ) − µS(ord E ) ≥ 0. Denote by c 2 := c 1 + rbA (V,D) (ord E ). We define another filtration F ′ of R as
Since S is a G m -equivariant invariant Kollár component, we know F (and hence F ′ ) is finitely generated. By [BHJ17, Proposition 2.15 and Lemma 5.17], we know that the filtration
Let (X 0 , ∆ 0 ) be the klt special degeneration of (X, ∆) induced by ord S . Then we know that
Thus (V 0 , D 0 ) is a quotient of the klt pair (X 0 , ∆ 0 ) by a G m -action corresponding to the grading of p + c 2 m. So (V 0 , D 0 ) is a log Fano pair which implies that (V, D; L) is special.
Hence Proposition 3.8 implies that
This finishes the proof.
Twisted K-polystable degenerations
In this section, we prove the following result on the existence of twisted K-polystable degenerations.
Theorem 5.1. Let 0 < µ ≤ 1 be a real number and (X, ∆) a log Fano pair.
The statement is a generalization of [LWX18, Theorem 1.2] to the twisting setting and its proof relies on combining ideas from [LWX18] with results from Sections 3.2 and 4.3. We will deduce Theorem 1.3 from the above result.
5.1. Theta-reductivity. Theta reductivity is a condition on an algebraic stack introduced in the work of Halpern-Leistner [HL18] and holds for the moduli stack of K-semistable Fano varieties by [ABHLX19, Thmeorem 5.2]. In this section, we prove an extension of the latter statement in the twisted setting. The result may be useful for showing that the moduli stack of Fano varieties admits a Theta-stratification in the sense of [HL18] .
We consider the following setup: Let R be the local ring of a smooth curve with fraction field K and residue field κ. Write x for the parameter of A 1 , 0 K ∈ A 1 K for the closed point defined by the vanishing of x, and 0 κ ∈ A 1 R for the closed point defined by the vanishing of x and a uniformizing parameter π ∈ R.
Let (X, ∆) → Spec(R) be a Q-Gorenstein family of log Fano pairs (see [BL18b, Definition 9]) and (X K , ∆ X K ) a special test configuration of (X K , ∆ K ). We will be interested in when the above test configuration of (X K , ∆ K ) extends to a family of test configurations over (X, D) → Spec(R).
From the above data, we construct a G m -equivariant Q-Gorenstein family of log Fano pairs
Here, X × A 1 is given the G m -action that acts trivially on X and is the standard action on A 1 \ 0.
Furthermore, the fiber over 0 κ is µ-twisted K-semistable and Fut 1−µ ( X κ , ∆ Xκ ) = 0.
The proof relies on the equivalence between test configurations and finitely generated filtration of the section ring. Hence, proving the result will require us to show that the filtration of the section ring of (X K , ∆ K ) induced by (X K , ∆ X K ) extends to a finitely generated filtration of the relative section ring of (X, ∆) (see [ABHLX19, Section 5.2]). As with the proof of [ABHLX19, Theorem 5.2], the finite generation result will rely on a birational geometry argument from [LWX18] . 5.1.1. Filtrations induced by a divisor. Fix a positive integer r so that L := −r(K X + ∆) is a Cartier divisor. Let
denote the section ring of X with respect to L. Write V κ = m V κ,m and V K = m V K,m denote the restrictions of V to Spec(κ) and Spec(K). Replacing r with a multiple, we may assume that V is finitely generated over R in degree m = 1 and each V m is a flat R-module and satisfies cohomology and base change. Thereofore, V κ and V K are isomorphic to the section rings of L κ and L K . Let E K be a divisor over X K . Setting
≥ p} for each p ∈ Z and m ∈ N gives a filtration of V K . Following [ABHLX19, Section 5.3.1], F K extends to a filtration of V m by subbundles defined by 
Gorenstein family of log Fano pairs, the fiber over 0 κ is µ-twisted K-semistable, and
The proof closely follows the argument in [ABHLX19, Section 5.3.1], which uses ideas from [LWX18] .
Proof. Let (Y, Γ) → Spec(R) denote the realtive cone over (X, ∆) → Spec(R) with respect to the polarization L. This means, Y = Spec(V ) and Γ is defined via pulling back ∆. Note that (Y K , Γ K ) and (Y κ , ∆ κ ) are the cones over (X K , ∆ K ) and (X κ , ∆ κ ).
In preparation to use twisted normalized volumes, we write m ⊂ O Y for the ideal corresponding to m≥1 V m ⊆ V and set c := (1 − µ)/r. Note that the restrictions m κ := m · O Yκ and m K := m · O Y K correspond to the maximal ideals at the cone points.
The divisor E K over X K induces a ray of quasimonomial valuations
where the second equations follows from the formula for a p (ord E K,q ) and the fact that the vanishing of f ∈ O Y along E q equals the vanishing of f · O Y K along E K,q . Claim 1. We have lim q→∞ a q = 0, where
For each positive integer q, consider the graded sequence of ideals b q,
3) where the second equality follows from the fact F p V m ⊆ V m is a subbundle for all p, m ∈ N.
We seek to show
where
is the same as vol Yκ,Γκ+cmκ for the canonical valuation over the cone (Y κ , Γ κ ). The first inequality of (5.4) follows from Lemma 4.12 and Theorem 4.13 combined with the assumption that (X κ , Y κ ) is µ-twisted K-semistable and the second from (5.2) and (5.3). For the remaining inequality, (4.3) implies
, which is zero by assumption. Therefore, a Taylor expansion gives
Using that vol is scaling invariant, we see vol
and (5.4) is complete. Analyzing (5.4) and repeating the argument on [ABHLX19, pg. 25] completes the claim.
Claim 2 : For q ≫ 0, there exists an extraction
(By extraction, we mean µ is proper, Y q is normal, E q appears as a divisor on Y q with −E q Q-Cartier and µ-ample.)
where the inequality follows from the fact that
Combining the previous inequality with Claim 1, we see a ′ q < 1 for q ≫ 0. Now, fix a positive integer q such that a ′ q < 1. By [BX18, Proposition 2.2], we may find
Since m = m≥1 V m is generated by elements in degree 1, we know
Since lim q→∞ a q = 0, the ACC for log canonical thresholds [HMX14] 
With Claim 2 complete, the argument in [ABHLX19, pg. 26] may now be repeated to
which has a G m -action induced by the p-grading, and write ∆ X for the closure of ∆×(A 1 \0) under the embedding X × (A 1 \ 0) ֒→ X . The restrictions of ( X ; O X (1)) to Spec(K) and Spec(κ) are naturally test configurations of (X K , ∆ K ) and (X κ , ∆ κ ).
The argument in loc. cit. further shows that if D ∈ |L| is general, then ( X , ∆ X + c D + X κ + X x=0 ) is lc, K X + ∆ X + c D is Q-Cartier, and Supp(∆ X + D) does not contain an irreducible component of X 0κ . Moving forward, we fix a divisor D ∈ |L| so that the previous properties are satisfied and the divisors D K and D κ are compatible with X K and X κ . The latter is possible by Proposition 2.12.
We first consider the test configuration over Spec(K). Since X K is equivariantly isomorphic to Proj A 1
is µ-twisted K-semistable by assumption and the stability threshold is lower semicontinuous in families [BL18a] . Hence, (
) is a special test configuration by Corollary 3.11. To finish the proof, it remains to show the fiber over 0 κ is log Fano and µ-twisted Ksemistable. First, note that ( X κ , ∆ X K + c D κ + X 0κ ) is log canonical by adjunction and, hence, X κ is normal. Next, by our choice of D,
which is zero, and
Now, the previous two log Futaki invariants are equal, since intersection numbers of line bundles are locally constant in flat proper families. Therefore, Fut 1−µ ( X κ , ∆ Xκ ; O Xκ (1)) = 0 and we may apply Corollary 3.11 to see ( X κ , ∆ Xκ ; O Xκ (1)) is special and, hence, the fiber over 0 κ is log Fano. Furthermore, the fiber over 0 κ is µ-twisted K-semistable by Lemma 4.8.
Proof of Theta-reductivity result.
Proof of Theorem 5.2. The theorem is a consequence of Proposition 5.3. Indeed, write r(ord
Next, note that Proposition 3.8 implies
and the latter value is zero by assumption. Hence, Proposition 5.3.1 may be applied to see 
R is a base change of the family in Proposition 5.3 by the map A 1 R → A 1 R sending x → x b , the proof is complete.
5.1.3. Consequence of Theta-reductivity. The previously established Theta-reductivity type result will allow us to connect certain classes of special degenerations.
Let (X, ∆) be a log Fano pair and (X i , ∆ i tc ) for i = 1, 2 be special test configurations of (X, ∆). From this data, we can construct a G 2 m -equivariant Q-Gorenstein family of log Fano pairs g : (X, ∆ X ) → A 2 \ (0, 0) (5.6) such that there exist equivariant isomorphisms
, where the restrictions are endowed with the G m -actions given by G m × {1} and {1} × G m respectively, and G 2 m acts on A 2 via (s, t) · (x, y) = (sx, ty). This is constructed from gluing the products (
We seek to show g extends to a G 2 m -equivariant Q-Gorenstein family of log Fano pairs g : ( X, ∆ X ) → A 2 under certain hypotheses. When such an extension exists, the restrictions ( X, ∆ X ) A 1 ×{0} and ( X, ∆ X ) {0}×A 1 , with G m -actions given by G m × {1} and {1} × G m respectively, are special test configurations of (X 2 0 , ∆ 2 tc,0 ) and (X 1 0 , ∆ 1 tc,0 ) and have the same central fiber.
The following statement previously appeared in [LWX18, Section 3] in the case when µ = 1.
Furthermore, the special test configuration ( X, ∆ X ) {0}×A 1 has vanishing Fut 1−µ and the fiber over (0, 0) is µ-twisted K-semistable.
We will deduce the result from Theorem 5.2. Throughout the proof, we rely on the elementary fact that if o ∈ S is a closed point on a normal surface, then there is a bijection between vector bundles on S and S \ o given by pushing forward and pulling back. 
where j :
Note that the family f can be constructed as in Section 5.1 using the family (X 1 , ∆ 1 tc )× A 1 R → Spec(R) and the test configuration (X 2 , ∆ 2 tc ) × K → A 1 K of (X, ∆) × K. Therefore, Theorem 5.2 implies (X , ∆ X ) → A 1 R \ 0 κ extends to a Q-Gorenstein family of log Fano pairs ( X , ∆ X ) → A 1 R , Fut 1−µ ( X κ , ∆ Xκ ) = 0, and the fiber over 0 κ is µ-twisted K-semistable. Since the family extends, B is finite type O A 1 R -algebra and X ≃ Proj Finally, write ∆ X for the Q-divisor on X that is the componentwise closure of ∆ X and observe that ( X , ∆ X ) ≃ ( X, ∆ X )| A 1 R . Therefore, ( X, ∆ X ) → A 2 is a Q-Gorenstein family of log Fano pairs and ( X, ∆ X )| {0}×A 1 is naturally a test configuration with vanishing Fut 1−µ .
Remark 5.5. We describe additional properties of the family g : ( X, ∆ X ) → A 2 constructed in Corollary 5.4.
(1) If we add to the assumptions of Corollary 5.4 that Fut 1−µ (X 1 , ∆ 1 tc ) = 0, then the restriction ( X, ∆ X )| A 1 ×{0} with the G m -action given by G m × {1} is also a special test configuration with vanishing Fut 1−µ . This is a consequence of the uniqueness of the extension g and repeating the argument with the test configurations switched.
(2) The test configurations ( X, ∆ X ) A 1 ×{0} and ( X, ∆ X ) {0}×A 1 are equivariant with respect to the G m -actions on (X i 0 , ∆ i tc,0 ). This follows from the fact that the actions by G m × {1} and {1} × G m on ( X, ∆ X ) commute. 
given by the action of T on (X, ∆) and the trivial action on (A 1 \ 0) 2 , extends to a T-action on (X, ∆ X ) commuting with the G 2 m -action on (X, ∆ X ). Furthermore, this T × G 2 m -action extends to ( X, ∆ X ) by the proof of [ABHLX19, Lemma 2.15]. Now, note that (X i 0 , ∆ i tc,0 ) for i = 1, 2 admit G m × T-actions, since they are the special fibers of T-equivariant test configurations. The previous paragraph implies that the test configurations ( X, ∆ X ) {0}×A 1 and ( X, ∆ X ) A 1 ×{0} are G m ×T equivariant.
5.2. Proof of Theorem 5.1. We will proceed to use Corollary 5.4 to deduce Theorem 5.1. First, we prove the uniqueness of certain twisted K-polystable degenerations.
Proposition 5.6. Let (X, ∆) be a µ-twisted K-semistable log Fano pair. Assume (X 1 , ∆ 1 tc ) and (X 2 , ∆ 2 tc ) are special test configurations of (X, ∆) with vanishing Fut 1−µ . If (X 1 0 , ∆ 1 tc,0 ) and (X 2 0 , ∆ 2 tc,0 ) are µ-twisted K-polystable, then they are isomorphic. Proof. Following Section 5.1.3, we consider the G 2 m -equivariant Q-Gorenstein family of log Fano pairs g : (X, ∆ X ) → A 2 \(0, 0) whose restrictions to A 1 ×{1} and {1}×A 1 are isomorphic to the special test configurations (X 1 , ∆ 1 tc ) and (X 2 , ∆ 2 tc ). Corollary 5.4 (with Remark 5.5.1) implies g extends to a family g : ( X, ∆ X ) → A 2 and the restrictions
are special test configurations of (X 1 0 , ∆ 1 tc,0 ) and (X 2 0 , ∆ 2 tc,0 ) with vanishing Fut 1−µ . Since (X 1 0 , ∆ 1 tc,0 ) and (X 2 0 , ∆ 2 tc,0 ) are µ-twisted K-polystable by assumption, the test configurations constructed above must be product type. Therefore, (
) and the result is complete.
To prove the existence of part of Theorem 5.1, we need the following lemma.
Lemma 5.7. Let (X, ∆) be a µ-twisted K-semistable log Fano pair with a T = G r m action. If (X, ∆) is not µ-twisted K-polystable, then there exists a T-equivariant special test configuration (X , ∆ tc ) such that Fut 1−µ (X , ∆ tc ) = 0 and (X 0 , ∆ tc,0 ) ≃ (X, ∆).
Proof. Since (X, ∆) is µ-twisted K-semistable, but not polystable, Corollary 3.11 implies there exists a non-product type special test configuration (X , ∆ tc ) of (X, ∆) with Fut 1−µ (X , ∆ tc ) = 0. The non-product type assumption implies (X 0 , ∆ tc,0 ) ≃ (X, ∆).
We seek to replace (X , ∆ tc ) with a T-equivariant test configuration. Arguing by induction, fix 0 ≤ i < r and assume (X , ∆ tc ) is equivariant with respect to the G i -action on X determined by the first i-copies of G m in T. It suffices to show that we can replace (X , ∆ tc ) with a G i+1 m -equivariant test configuration with vanishing Fut 1−µ and special fiber not isomorphic to (X, ∆).
To proceed, let λ : G m → Aut(X, ∆) denote the 1-parameter subgroup determined by the 1 + i-th copy of G m in G r m and write (X λ , ∆ tc,λ ) for the corresponding product type test configuration. Following Section 5.1.3, we consider the G 2 m -equvariant Q-Gorenstein family of log Fano pairs g :
By Corollary 5.4, g extends to a G 2 m -equivariant family of log Fano pairs g : ( X, ∆ X ) → A 2 and (X ′ , ∆ ′ tc ) := ( X, ∆ X ) {0}×A 1 is naturally a special test configuration with vanishing Fut 1−µ . Furthermore, since (X λ , ∆ tc,λ ) and (X ,
. Hence, the proof is complete. Proof of Theorem 5.1. Let (X, ∆) be a µ-twisted K-semistable pair. If the pair admits a special test configuration with vanishing Fut 1−µ and µ-twisted K-polystable special fiber, then the special fiber is unique by Proposition 5.6.
We are left to prove the existence of such a test configuration. If (X, ∆) is µ-twisted K-polystable, then the trivial test configuration (X A 1 , ∆ A 1 ) satisfies the above properties. If (X, ∆) is not µ-twisted K-polystable, then Corollary 3.11 implies there exists a non-product type special test configuration (X , ∆ tc ) of (X, ∆) such that Fut 1−µ (X , ∆ tc ) = 0. Note that (X 0 , ∆ 0 ) := (X 0 , ∆ tc,0 ) has a G m -action given by restricting the G m -action on (X , ∆ tc ) and, by Lemma 4.8, is µ-twisted K-semistable.
If (X 0 , ∆ 0 ) is µ-twisted K-polystable, we are done. If not, apply Lemma 5.7 to find a G m -equivariant special test configuration (X ′ , ∆ ′ tc ) of (X 0 , ∆ 0 ) with Fut 1−µ (X ′ , ∆ ′ tc ) = 0 and special fiber (X 1 , ∆ 1 ) not equal to (X 0 , ∆ 0 ). Hence, (X 1 , ∆ 1 ) admits a G 2 m -action. Again, the pair is is µ-twisted K-semistable by Lemma 4.8. If (X 1 , ∆ 1 ) is not µ-twisted K-polystable, we can apply Lemma 5.7 to (X 1 , ∆ 1 ) to find a G 2 m -equivariant non-product type special test configuration of (X 1 , ∆ 1 ) with vanishing Fut 1−µ .
This process must terminate after r ≤ dim(X) steps with a µ-twisted K-polystable pair, since the i-th degeneration (X i , ∆ i ) will be admit an effective G i m -action. Hence, we get a sequence of special degenerations
with vanishing Fut 1−µ such that (X r , ∆ r ) is µ-twisted K-polystable. We seek to construct a special test configuration with Fut 1−µ = 0 and degenerating (X, ∆) (X r , ∆ r ). First, we construct a special test configuration with vanishing Fut 1−µ and degenerating (X, ∆) (X 1 , ∆ 1 ) (for this we use an argument from the proof of Lemma 4.8). Fix a positive integer m such that −m(K X + ∆) is a Cartier divisor and | − m(K X + ∆)| is base point free. Since (X ′ , ∆ ′ tc ) is equivariant with repsect to the G m -action on (X 0 , ∆ 0 ), the proof of [LWX18, Lemma 3.1] implies there exists a positive integer k and a special test configuration (X ′′ , ∆ ′′ tc ) of (X, ∆) such that the following hold:
| is general, we may assume it is compatible with X and X ′′ . Hence,
Since (X, ∆) is µ-twisted K-semistable, we conclude Fut 1−µ (X ′′ , ∆ ′′ tc ; L ′′ ) = 0. Repeating this argument r − 1 additional times gives a special test configuration with Fut 1−µ and degenerating (X, ∆) (X r , ∆ r ).
Optimal degenerations.
We will now use Theorem 5.1 to deduce the existence and uniqueness of certain twisted K-polystable degenerations. First, we recall the following definition.
Definition 5.8. Let (X, ∆) be a log Fano pair with δ(X, ∆) ≤ 1. A non-trivial special test configuration (X , ∆ tc ; L) of (X, ∆) is called an optimal destabilization if Fut 1−δ(X,∆) vanishes. We call its central fiber (X 0 , ∆ tc,0 ) an optimal degeneration of (X, ∆).
Theorem 5.9 (=Theorem 1.3). Let (X, ∆) be a log Fano pair with δ(X, ∆) ≤ 1. If Conjecture 1.2 holds for (X, ∆), then there exists a unique δ(X, ∆)-twisted K-polystable optimal degeneration of (X, ∆).
One key difference between Theorems 1.3 and 5.1 is that in the latter statement we allow trivial test configurations. Optimal degenerations by definition must arise from non-trivial test configurations.
Proof. Note that (X, ∆) is δ(X, ∆)-twisted K-semistable by Theorem 3.4. Hence, the uniqueness of optimal degenerations follows from Proposition 5.6.
To prove the existence of optimal degenerations, we consider two cases. If (X, ∆) is not δ(X, ∆)-twisted K-polystable, Theorem 5.1 produces a non-trivial special test configuration (X , ∆ tc ) with vanishing Fut 1−δ(X,∆) and (X 0 , ∆ tc, 0 ) is δ(X, ∆)-twisted K-polystable. If (X, ∆) is δ(X, ∆)-twisted K-polystable to begin with, we apply Theorem 1.1 (combined with the assumption that Conjecture 1.2 holds for (X, ∆)) to get a non-trivial special test configuration (X , ∆ tc ) with vanishing Fut 1−δ(X,∆) . Since (X, ∆) is δ(X, ∆)-twisted K-polystable, the test configuration is product type and the central fiber remains twisted K-polystable.
Applications
In this section, we prove the following result on stability thresholds in families from which Theorem 1.4 follows easily.
Theorem 6.1. Let π : (X , ∆ T ) → T be a Q-Gorenstein flat family of log Fano pairs over a normal base T . Assume Conjecture 1.2 is true for all K-unstable fibers (X t , ∆ t ) of π. Then the function T ∋ t → min{1, δ(X t , ∆ t )} is a lower semi-continuous constructible rationalvalued function. In particular, the locus {t ∈ T | (X t , ∆ t ) is K-semistable} is a Zariski open subset of T . Remark 6.2. Note that in [BLX19] it is shown that t → min{1, δ(X t , ∆ t )} is a constructible function without assuming Conjecture 1.2. Moreover,the openness of K-semistability is confirmed in [Xu19, BLX19] . Since the approaches from [Xu19, BLX19] are quite different from this paper, we provide a proof of Theorem 6.1 as it may have independent interest.
We first start with a few intermediate results. (1) The divisor −m(K X /T +∆ T ) is very ample over T . Moreover, N := h 0 (X t , O Xt (−m(K Xt + ∆ t ))) − 1 is independent of the choice of t ∈ T . Thus we have an embedding (X t , ∆ t ) ֒→ P N for each t ∈ T . (2) If (X t , ∆ t ) is µ-twisted K-unstable for some t ∈ T and µ ∈ (0, 1], then there exists a 1-PS in SL(N + 1) whose induced µ-twisted generalized Futaki invariant is negative.
Proof. The proof of (1) is straightforward since −(K X /T + ∆ T ) is a π-ample Q-Cartier Qdivisor and π is flat. Let us take a positive integer m 1 so that all multiples m of m 1 satisfies (1). We now prove (2). Firstly, by [BL18a, Proposition 5.3], there exists a positive constant c 1 such that α(X t , ∆ t ) ≥ c 1 for any t ∈ T . Assume that (X t , ∆ t ) is µ-twisted K-unstable for some µ ∈ (0, 1]. Hence we know that it is K-unstable as well. By assumption, Theorem 1.1 and 4.6, there exists a non-trivial special test configuration (Y t , Γ t )/A 1 of (X t , ∆ t ) such that δ(Y t,0 , Γ t,0 ) = δ t and Fut 1−δt (Y t , Γ t ) = 0 where δ t := δ(X t , ∆ t ). Hence we have α(Y t,0 , Γ t,0 ) ≥ (n + 1) −1 δ(Y t,0 , Γ t,0 ) = (n + 1) −1 δ t ≥ (n + 1) −1 α(X t , ∆ t ) ≥ c 1 n + 1 .
Here we use the comparison between α-invariants and stability thresholds from [BJ17, Theorem A]. By boundedness results due to Jiang [Jia17] , Chen [Che18] and Li-Liu-Xu [LLX18, Corollary 6.14], we can take a multiple m of m 1 such that −m(K Y t,0 + Γ t,0 ) is very ample for any t ∈ T . Thus −m(K Yt/A 1 + Γ t ) is also very ample over A 1 for any t ∈ T . By KawamataViehweg vanishing theorem, we know that N + 1 = h 0 (Y t,0 , O Y t,0 (−m(K Y t,0 + Γ t,0 ))). Hence there exists a G m -equivariant embedding (Y t , Γ t ) ֒→ P N ×A 1 . As a result, there exists a 1-PS λ in SL(N +1) whose induced test configuration of (X t , ∆ t ) is exactly (Y t , Γ t ). Since (X t , ∆ t ) is µ-twisted K-unstable, we have µ > δ t by Theorem 3.4. Since (Y t , Γ t ) is non-trivial, we have
This finishes the proof of (2).
Next we use Hilbert schemes and Chow schemes to study twisted K-stability. We first introduce our parameter space. We follow notation from [Kol96, Chapter I].
Definition 6.4. Let χ(k) := χ(X t , O Xt (k)) be the Hilbert polynomial of X t ֒→ P N for t ∈ T . Denote by H := Hilb χ (P N ) the Hilbert scheme of P N with Hilbert polynomial χ. Let X H ֒→ P N × H be the universal family. Let H * be the seminormalization of the reduced scheme H red supported on H. Denote by X H * := X H × H H * .
Suppose ∆ T = l i=1 c i ∆ T,i where ∆ T,i are distinct prime divisors and c i ∈ Q >0 . Then each ∆ t,i is a Weil divisor on X t . Denote by d i (resp. d 0 ) the degree of ∆ t,i (resp. X t ) as a Hence we have universal families X W → W and X Z → Z over projective seminormal schemes W and Z by pulling back X H * → H * , together with ∆ W,i /W and ∆ Z,i /Z as universal families of (n−1)-cycles on X H * /H * for 1 ≤ i ≤ l, respectively. Moreover, there is one more universal family H Z /Z of (n − 1)-cycles on X H * /H * . Denote by ∆ Z := set I, such that µ M 1 (z, ·) and µ M 2 (z, ·) are continuous rational piecewise linear functions on Hom Q (G m , T) for any z ∈ Z I , and they are independent of the choice of z ∈ Z I . We denote these two functions by µ 1,I (·) and µ 2,I (·), respectively. Given a point t ∈ T , let us take p ∈ P lying over t. Then Φ(p) ∈ W is the Hilbert-Chow point of an embedding of ι p : (X t , (∆ t ) red = l i=1 ∆ t i ) ֒→ P N . Each point h ∈ (P N ) ∨ corresponds to a hyperplane H h in P N . Let z := Φ(h, p) ∈ Z • . Then it is clear that (X z , ∆ z , H z ) = (ι p (X t , ∆ t ), H h | ιp(Xt) ). Thus by Proposition 6.3, we know that (X t , ∆ t ) is µ-twisted K-semistable if and only if Since any 1-PS λ of G is conjugated to a 1-PS gλg −1 of T for some g ∈ G, and µ M i (z, λ) = µ M i (g · z, gλg −1 ) for i = 1, 2, we know that (X t , ∆ t ) is µ-twisted K-semistable if and only if for any 1-PS λ in T and any g ∈ G, there exists h ∈ (P N ) ∨ such that 
+∞ otherwise
For each p ∈ P , we assign a subset I p of I as I p := {I ∈ I | For any g ∈ G, there exists h ∈ (P N ) ∨ such that g · Φ(h, p) ∈ Z I }.
We claim that (X t , ∆ t ) is µ-K-semistable if and only if We choose c 1 > 0 as in the proof of Proposition 6.3 such that δ(X t , ∆ t ) > c 1 for any t ∈ T . Then Theorem 3.4 implies that (X t , ∆ t ) is µ-K-semistable for any t ∈ T and any µ ∈ (0, c 1 ]. Hence (6.3) is satisfied for µ ∈ (0, c 1 ], which means that the restrictions of µ from (6.3) when µ > c 1 only come from the case when µ M 2 (g · z, λ) < 0. This is precisely addressed in the definitions of C I , I p , and µ max,I (·). Next we show that p → I p is a constructible function from P to 2 I . Define Φ G : G × (P N ) ∨ × P → Z • as Φ G (g, h, p) := g · Φ(h, p). Let pr G×P : G × (P N ) ∨ × P → G × P and pr P : G × P → P be projection morphisms. Given I ∈ I, from (6.4) we know that I ∈ I p ⇐⇒ for any g ∈ G there exists h ∈ (P N ) ∨ such that (g, h, p) ∈ Φ −1
Proof of Theorem 1.4. Since Fano manifolds of a fixed dimension n form a bounded family by [KMM92, Cam92] , we can find a smooth morphism π : X → T parametrizing all of them. By Theorem 6.7, we know that Conjecture 1.2 holds for any K-unstable fiber of π. Thus the theorem directly follows by applying Theorem 6.1 to the family π : X → T .
